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Abstract 
We derive an alternative formula for the number of Euler trails on strongly connected directed 
pseudographs whose every vertex has outdegree and indegree both equal to two in terms of an 
intersection matrix. 
Let V = {1,2,. ..,2n} and let P = {(al,bl),(az,b~) ,..., (an,&)} where ai < bi, 
i=l , . . . , n and al < a2 < . . < a,, be a partition of V into n pairwise disjoint pairs. 
For the partition P we define an intersection matrix 1~ as follows: 
(ZP)ir = 0 for ldi<n 
and 
(IP)ij = -i[S@l(Ui - Uj)- sgn(bi - CZj)- S@(L7i - bj)+ S@l(bi - llj)] (1) 
for i # j, 1 <i <n, 1 <j <n. Note that Zp is skew symmetric. It can be obtained 
graphically in the following way: pick 2n distinct points on a circle and label them in 
order by l,... ,2n. Join the point ai to the point bi, i = 1,. . . , n by a straight line chord 
and call the chord, chord i. If chord i and chord j intersect, then (Zp)ij = sgn(j - i), 
otherwise, it is zero. 
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Let G be the digraph with vertices V and arcs {(i, i + 1) : 16 i <2n - I} U {2n, l}, 
and let Gp be the directed pseudograph with n vertices obtained by identifying the 
vertices ai and 61, a2 and bz, . . . , a,, and b,. We shall prove that: 
Theorem 1. The number of Euler trails on Gp is equal to 
det(Z - Ip). 
Before proving the theorem we make some remarks, 
(i) The theorem holds for any representation of a partition P of V into n pairwise- 
disjoint pairs, since the intersection matrices for any two representations of P are or- 
thogonally similar: interchanging two pairs (ai, bi) and (aj, bj) amounts to interchanging 
the ith row and jth row and interchanging the ith column and jth column; interchanging 
ai and bi amounts to changing the sign of the ith row and ith column. Ip always has 
the intersection property: if chord i and chord j intersect then (ZP)~ = f 1, otherwise it 
is zero. We have chosen the representation ai < bi, i = 1,. . . , n and ai < a2 < . . ’ < a, 
because in this case it is easy to determine the sign of (Zp)ij. Note that in this repre- 
sentation ai = 1. 
(ii) A pseudograph Gp where P is a partition of V into n pairs is clearly strongly 
connected and every vertex of Gp has outdegree and indegree both equal to two. 
Conversely if H is such a pseudograph we can find P, a partition of V into n pairs, 
such that H = Gp. Let y be an Euler trail. Along y each vertex is encountered twice; 
if the vertex j is the kth vertex and the Ith vertex encountered, then let Uj = k and 
bj = 1. In this way we obtain P, a partition of V into n pairs, such that Gp = H. 
Proof of the theorem. Let Ap be the adjacency matrix of Gp and np the number of 
Euler trails on Gp. By the BEST theorem [ 1, 41, np is equal to the common value of 
all the cofactors of 21 --Ap. Choose I such that bl = 2n. We then have that (Ap)/l > 1 
if 2 > 1. Denoting by S the matrix with entries Sij = 6i, /Sj, i we have 
np = det(21- AP + S). (2) 
Using the fact that CEi(&)ij = ~~=i(A~)ij = 2 we obtain 
(x, (2z - AP + S)x) = i 2 k(Xi - Xj)2((AP)ij - Sij) + i(Xf + Xi) 20 
i=l j=l 
so that 2I- Ap + S is positive definite. Now if B is a non-singular real positive definite 
n x n matrix and a and b are in IQ”, then [2] 
(det B)-‘e-‘/2((“-‘b),B-‘(a+‘b)) qn)-” JS & dy e- 1/2((x_iy),B(x+iy)),i((x,a)-t(y,b)) R” 68” 
(3) 
Since 2I - Ap + S is positive definite, (2) and (3) give 
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n;’ = WY” S,,, bs,, dy exp -i ((x - iy), (21 - AP + S)(x + iy)). 
Let 
K(x, y; x’, y’) = exp - t { (x - x’)~ + (y - Y’)~ - 2i(xy’ - x’ y)}, 
then again using the fact that ~~=l(AP)jj = Cr=,(AP)ij = 2 and letting ri 
we can rewrite (4) as 
nP 
-I = (2n)-n s,;,, dye-]/4(llrlIl’+llr,II’) fi f@+; rj)](hk-S~i, 
i=] j=] 
(4) 
(5) 
(Xi, Yi )3 
(6) 
We then write the integral in (6) as an integral with respect to 2n variables in R2, 
rr,r2,..., r2,, and identify I-,, with r-b,, j = 1,. . . n, by inserting d-functions S(r,, - rb, ): 
-I 
nP = lili0(2n)-” s 2n-I , n‘l,, dr e- ~/4~llrlIl~+llr~,,II-~ n qrj,rj+]) fJ ie-]/2allr,l,-ri.:II’. j=l j=, 2?ca 
Then using the identity 
n 
l-I i,-]i2allr”~-rr, 112 _ 
j=] 2~a 
- (27p” 
s 
aB’,, dk e_g’NIkl II2 
with hj = Cy=] kl(hj,., - dj,b,) E R2, we get 
C. 
(7) 
~~+ll~~~l12)eCC~~I (‘,,A,)> (8) 
(9) 
where 
F(k) = (2r~-~” 
2n 
+i ~(-G,,l + .A,2 > , 
1 
(XT - iy,y )N,, (xt + iy, ) 
s=l J 
definite matrix: 
(10) 
and N is the non-singular positive 
for s = t, 
fors=t-1, 
otherwise. 
Using (3) we can evaluate F(k) to get, since det N = 1, 
-2 FFJ(hS,r - ik,2)Qst(o)(hr,1 + $2) , 
s=l 1=I 1 (11) 
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where Q = N-‘. Q is the upper triangular matrix given by 
Qst = ’ { 
for s = t, 
&n(t -s) + ; for s # t. 
We can rewrite Eq. (11) as 
Qk) = exp 
[ 
-i 9 $(k. 1 - ik,,2)M&kt, 1 + ikt,2) 
s=l f=l 1 
M,t = Qa,a, - &,a, + Qb,b, - Qa&. 
(12) 
Thus 
nP -’ = (27~)~” / dkF(k) 
UP” 
= (27~)~~ / dk exp 
@,a 
= (det M)-’ (13) 
by (3). Therefore, np = detM = det A4 T; but M,, = 1 and for s # t MS, = (Zp)sr so 
that MT = I - Zp. 0 
The above result is a by-product of the study of the density of states of Schrodinger 
operators with a random potential in the presence of a magnetic field [3]. In the case 
when the random potential is given by a white noise the Feynman diagrams relevant 
to the problem are the psuedographs Gp. Wegner [5] showed that by an application of 
the Smith-Tutte formula the perturbation series can be resummed to give an explicit 
formula for the density of states. Our objective in [3] was to reproduce by using 
functional integration the formula obtained in [5]. This required the above theorem, the 
proof of which was suggested by the physics of the problem. In fact, the K(x, y;x’, y’) 
in (5) is the kernel of the orthogonal projection onto the eigenspace corresponding 
to the lowest eigenvalue of the Schrijdinger operator with a magnetic field. Since 
this kernel is Gaussian, the application of Gaussian identities is very natural from the 
point of view of Schriidinger operators with magnetic fields. It is interesting that these 
identities lead to a combinatorial property of the graphs. 
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